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Many clinical trials and other medical and reliability studies
generate both longitudinal(repeated measurement) and survival
(time to event) data. Many well-established methods exist for
analyzing such data separately, but these may be inappropriate
when the longitudinal variable is correlated with patient health
status, hence the survival endpoint (as well as the possibility
of study dropout). To remedy this, an earlier article proposed a
joint model for longitudinal and survival data, obtaining max-
imum likelihood estimates via the EM algorithm. The longitu-
dinal and survival responses are assumed independent given a
linking latent bivariate Gaussian process and available covari-
ates. We develop a fully Bayesian version of this approach, im-
plemented via Markov chain Monte Carlo (MCMC) methods.
We use the approach to jointly model the longitudinal and sur-
vival data from an AIDS clinical trial comparing two treatments,
didanosine (ddI) and zalcitabine (ddC). Despite the complexity
of the model, we � nd it to be relatively straightforward to imple-
ment and understandusing the WinBUGS software. We compare
our results to those obtained from readily available alternatives
in SAS Procs MIXED, NLMIXED, PHREG, and LIFEREG,
as well as Bayesian analogues of these traditional separate like-
lihood methods. The joint Bayesian approach appears to offer
signi� cantly improved and enhanced estimation of median sur-
vival times and other parameters of interest, as well as simpler
coding and comparable runtimes.

KEY WORDS: Bayesian approach; Joint model; Longitudi-
nal data; Markov chain Monte Carlo (MCMC); SAS; Survival
data; WinBUGS.

1. INTRODUCTION

Many clinical trials generateboth longitudinal(repeated mea-
surement) and survival (time to event) data. For example, in
AIDS clinical trials, the number of CD4 cells per cubic millime-
ter of blood is widely used as a biomarker for progression to
AIDS when studying the ef� cacy of drugs to treat HIV-infected
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patients. It is often measured repeatedly over follow-up periods
in large-scale trials. We might be interested in its relationship
with time to seroconversion or death, in order to evaluate its ap-
propriateness as a surrogate endpoint (Pawitan and Self 1993).

Many well-established methods exist for analyzing such data
separately, including linear mixed effects models for longitu-
dinal data, and Weibull or semiparametric (Cox) proportional
hazards models for survival data. But their separate use may be
inappropriate when the longitudinal variable is correlated with
patient health status, hence the survival endpoint (as well as
the possibility of study dropout). Unbiased statistical inferences
are more likely to be obtained via a joint model (Tsiatis, De-
gruttola, and Wulfson 1995; Wulfsohn and Tsiatis 1997). For
example, Wang and Taylor (2001) induced correlation between
the longitudinaland survival processes by including the longitu-
dinal marker as a time-dependent covariate in the proportional
hazards survival model. Lin, Turnbull, McCulloch, and Slate
(2002) instead employed a latent class model, where each sub-
ject’s class membership is determined by a multinomial logistic
model, after which the longitudinal and survival processes are
modeled independently given this membership (marginally, the
two processes are dependent, as desired).

This article investigates the approach of Henderson, Diggle,
and Dobson (2000), who proposed a very � exible joint model
that avoids specifying the class variable, yet allows a very broad
range of dependencies between the longitudinal responses and
the survival endpoints. These authors model the longitudinal
data by including � xed effects, random effects, serial correla-
tion, and pure measurement error, and the survival data by using
a semiparametric proportional hazards model with or without
frailty terms. The strategy’s key idea is to connect the longi-
tudinal and survival processes with a latent bivariate Gaussian
process. The longitudinal and survival data are then assumed
independent given the linking latent process and any available
covariates.

Implementationof a version of the traditionalmaximum like-
lihood approach for this joint model is also available using SAS
Proc NLMIXED; see www.biostat.umn.edu/¹brad/software.
html and Section 4. The solution is fairly complicated, however,
and deliversonlypointestimatesand associatedasymptoticstan-
dard error estimates for the model parameters. This motivates
investigation of a Bayesian alternative that permits full and ex-
act posterior inference for any parameter or predictive quantity
of interest. Indeed, this is the usual reason cited for turning to
Bayesian methods, but these bene� ts typically come at a price;
namely, the required choice of prior distributions for the model
parameters, and the higher overhead (both user and machine) of

16 The American Statistician, February 2004, Vol. 58, No. 1 c® 2004 American Statistical Association DOI: 10.1198/0003130042854



the associated Markov chain Monte Carlo (MCMC) computa-
tional methods.

Although the � rst of these problems remains vexing in gen-
eral, the ever-increasing track record of Bayes-MCMC methods
in statistical practice now suggests classes of priors that may be
thought of as suf� ciently “noninformative” in fairly broad set-
tings, where by this we mean a prior that allows the data to dom-
inate the determination of the posterior distribution. As for the
secondproblem,againfor a surprisinglybroadclassofproblems,
the popular WinBUGS software package (freely available from
http://www.mrc-bsu.cam.ac.uk/bugs/welcome.shtml) offers an
intuitiveyet general solution. Indeed, comparing the WinBUGS
and SAS implementations in our joint longitudinaland survival
setting,we will see that the former is actually shorter, more trans-
parent, and takes no more time to run. The Bayesian framework
also allows for a more direct comparison among the many possi-
ble forms for (and typesof associationbetween) the components
of the latent bivariate process linking the longitudinal and sur-
vival components.In WinBUGS, such comparison is most easily
carried out using the DIC criterion (Spiegelhalter, Best, Carlin,
and van der Linde 2002), described below. All this suggests the
Bayes-MCMCapproach not onlydeliversmore here, but for less
effort on the user’s part.

Section 2 describes the traditional longitudinal and survival
models that have been applied to data like ours, and mentions
common ways of � tting them. We then go on to develop the
fully Bayesian version of the joint modeling approach of Hen-
derson et al. (2000), including its implementation via MCMC
methods.Section 3 then describes our dataset in detail, and com-
pares the results of the various approaches mentioned above in
this context. Our Bayesian results (for both separate and joint
models) are computed entirely in WinBUGS, while our clas-
sical results are obtained using the SAS procedures MIXED,
NLMIXED, PHREG, and LIFEREG. Despite the complexity of
the jointmodel,we � nd its WinBUGS implementationto be rela-
tively straightforward to implementand understand,and produc-
tive of several advantages over the traditional, separate model
methods. Finally, Section 4 discusses our � ndings and suggests
avenues for future research in this area.

2. CLASSICAL APPROACHES

Suppose we have a set of m subjects followed over a time
interval [0; ½ ). The ith subject provides a set of (possibly partly
missing) longitudinal quantitative measurements fyij ; j =
1; : : : ; nig at times fsij ; j = 1; : : : ; nig, and a (possibly cen-
sored) survival time ti to a certain endpoint. We now brie� y
review classical approaches for the separate analysis of longi-
tudinal and survival data, and the joint modeling approach pro-
posed by Henderson et al. (2000).

2.1 Longitudinal Data Models

Linear mixed effects models are widely used to model
continuous longitudinal data. The sequence of measurements
yi1; yi2; : : : ; yini for the ith subject at times si1; si2; : : : ; sini is
modeled as

yij = · i(sij) + W1i(sij) + ° ij ; (1)

where · i(s) = xT
1i(s)¯1 is the mean response, W1i(s) =

dT
1i(s)Ui incorporates subject-speci� c random effects, and

° ij ¹ N (0; ¼ 2
° ) is a sequence of mutually independentmeasure-

ment errors. The W1i(s) can be viewed as the true individual-
level CD4 trajectories after they have been adjusted for the over-
all mean trajectory and other � xed effects. The vectors x1i(s)
and ¯1 represent possibly time-varying explanatory variables
and their corresponding regression coef� cients, respectively.
The Ui are vectors of random effects corresponding to the ex-
planatoryvariablesd1i(s) (which may be a subset of x1i(s)) and
are typically modeled as iid N (0; §) random variables. Mixed
(i.e., having both � xed and random effects) longitudinal mod-
els like this one have a long history in biostatistical theory and
practice, dating at least to the seminal work of Laird and Ware
(1982).

2.2 Survival Data Models

Both parametric and semiparametric models are available to
model survivaldata. Commonlyused parametric models include
the exponentialandWeibull,whichare attractive in their simplic-
ity and the easy interpretabilityof their components. In practice,
however, semiparametric (Cox)proportionalhazards models are
widely used, since they impose no particular shape on the sur-
vival curves (though they do continue to assume the shape is
similar across covariate groups).

2.2.1 Weibull Model
In a Weibullmodel,we assume that thesurvival time for the ith

subject follows a Weibull distribution, ti ¹ Weibull(r; · i(t)),
where log(· i(t)) = xT

2i(t)¯2 + W2i(t) and r > 0. The vectors
x2i(t) and ¯2 represent (possibly time-dependent) explanatory
variables and their corresponding regression coef� cients. They
may or may not have elements in common with x1i and ¯1 in
the longitudinalmodel. The form of W2i(t) is similar to W1i(s),
including subject-speci� c covariate effects and an intercept (of-
ten called a frailty). The event intensity (or hazard) at time t is
given as

¶ i(t) = rtr¡1 · i(t) = rtr¡1 exp
¡
xT

2i(t)¯2 + W2i(t)
¢

; (2)

which is monotone in t (decreasing if r < 1, increasing if r > 1)
and reduces to the exponential (constant in t) hazard if r = 1.
Parameterization (2) is the one used by WinBUGS.

2.2.2 Cox Semiparametric Proportional Hazards Model
In the semiparametric proportionalhazards model, we replace

the hazard in (2) with

¶ i(t) = ¶ 0(t) exp
¡
xT

2i(t)¯2 + W2i(t)
¢

;

where now the baseline hazard function ¶ 0(t) has an arbitrary
(instead of Weibull) form. Cox and Oakes (1984, chap. 7) pro-
vided full details on traditionalmethods for � tting such models.

2.3 Joint Model

Association between the longitudinal and survival processes
can arise in two ways. One is through common explanatoryvari-
ables and the other is through stochastic dependence between
W1i and W2i. Henderson et al. (2000) proposed to jointlymodel
the two processes via a latent zero-mean bivariateGaussian pro-
cess on (W1i; W2i)

T , which is independentacross different sub-
jects. The joint model consists of two linked submodels, which
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Figure 1. Exploratory plots of longitudinal data and survival data for the ddI/ddc trial.

they refer to as the measurement model for the longitudinalpro-
cess, and the intensity model for the survival process. We can
apply this jointmodelingstrategy to connect the classicalmodels
for longitudinaldata and survival data with each other. When as-
sociationbetween the two processesexists,we shouldobtain less
biased and more ef� cient inferences by using this joint model.

Speci� cally, our joint model links (1) and (2) by taking

W1i(s) = U1i + U2i s ; (3)

and

W2i(t) = ® 1U1i + ® 2U2i + ® 3(U1i + U2i t) + U3i : (4)

The longitudinalmodel (3) is of the usualLaird–Ware form, with

each patient receiving random interceptand slope terms. We em-
phasize that this form need not be linear in s, and shouldbe well-
motivated by the applicationat hand (in our case we actually ex-
perimented with a quadratic form, but found our data could not
support it). The parameters ® 1, ® 2, and ® 3 in the survival model
(4) measure the association between the two submodels induced
by the random intercepts, slopes, and � tted longitudinal value
at the event time W1i(t), respectively. As in Subsection 2.1, the
pair of latent variables (U1i; U2i)

T has a mean-zero bivariate
Gaussian distribution N (0; §), while the U3i are independent
frailty terms, modeled as iid N(0; ¼ 2

3) variables, independentof
the (U1i; U2i)

T .
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Table 1. Classical Separate Analyses for the ddI/ddC Data

Parameter Point estimate 95% CI Point estimate 95% CI

Longitudinal mixed effects model

Intercept ( 11) 8.013 (7.325, 8.701)
Time ( 12) ¡0.167 (¡0.207, ¡0.127)
Time £ Drug ( 13) 0.030 (¡0.037, 0.087)
Gender ( 14) ¡0.158 ( ¡0.795, 0.479)
PrevOI ( 15) ¡2.315 (¡2.782, ¡1.848)
Stratum ( 16) ¡0.131 (¡0.592, 0.330)

Exponential model Proportional hazards (Cox) model

Intercept ( 21) ¡3.702 (¡4.019, ¡3.385) — —
Drug ( 22) 0.208 (¡0.079, 0.495) 0.217 (¡0.070, 0.504)
Gender ( 23) ¡0.169 (¡0.410, 0.071) ¡0.171 (¡0.412, 0.070)
PrevOI ( 24) 0.620 (0.398, 0.841) 0.646 (0.423, 0.868)
Stratum ( 25) 0.082 (¡0.077, 0.242) 0.079 (–0.082, 0.239)

3. ANALYSIS OF DDI/DDC DATA

3.1 Description of Dataset

Both longitudinaland survival data were collected in a recent
clinicaltrial tocompare the ef� cacy andsafety of two antiretrovi-
ral drugs in treating patientswho had failed or were intolerant of
zidovudine (AZT) therapy. In this trial, m = 467 HIV-infected
patients who met entry conditions (either an AIDS diagnosis or
two CD4 counts of 300 or fewer, and ful� lling speci� c criteria
for AZT intolerance or failure) were enrolled and randomly as-
signed to receive either didanosine (ddI) or zalcitabine (ddC).
CD4 counts were recorded at study entry, and again at the 2-,
6-, 12-, and 18-month visits (so that ni µ 5). The times to death
were also recorded. For full details regarding the conduct of the
trial the reader is referred to Abrams et al. (1994) and Goldman
et al. (1996).

Boxplotsof the CD4 counts for the two drug groups over time
(Figures 1(a) and (b)) show a high degree of skewness toward
high CD4 counts, suggesting a square root transformation. The
sample sizes at the � ve time points are (230, 182, 153, 102, 22)
for the ddI group and (236, 186, 157, 123, 14) for the ddC group.
There is a sharply increasing degree of missing data over time
due to deaths, dropouts, and missed clinic visits. As for the sur-
vival rates in the two drug groups, the empirical survival curves
(Kaplan–Meier estimates; Figure 1(c)) are very similar during
the � rst six months after randomization.Afterwards, survival in
the ddC group is somewhat higher than that in the ddI group
through the 18-month visit.

Let yij denote the square root of the jth CD4 count mea-
surement on the ith patient in the trial, j = 1; : : : ; ni and
i = 1; : : : ; m. We include four binary explanatory variables
as main effects in our analysis: Drug (ddI = 1, ddC = 0), Gender
(male = 1, female = ¡ 1), PrevOI (previous opportunistic in-
fection (AIDS diagnosis) at study entry = 1, no AIDS diagnosis
= ¡ 1), and Stratum (AZT failure = 1, AZT intolerance = ¡ 1).
Our main goal is to analyze the association among CD4 count,
survival time, druggroup,gender,AIDS diagnosisat baseline(an
indicatorof disease progression status), and stratum, accounting
for all relevant correlations and subject-speci� c random effects.

3.2 Results Using Classical Models

We � rst use the classical models reviewed in Section 2 to
model the longitudinal and survival data from the ddI/ddC trial
separately. These data analyses are conducted using SAS.

The linear random effects model for square root CD4 count
is speci� ed as

yij =  11 +  12sij +  13sij £ Drugi +  14Genderi

+ 15PrevOIi +  16Stratumi + W1i(sij) + ° ij ; (5)

where W1i(sij) = U1i + U2isij . Here, W1i(sij) includes the
random effects for interceptand slopeover time,where the Ui =

(U1i; U2i)
T iid¹ N2(0; §). This speci� cation allows different

subjects to have different baselineCD4 countsand different time
trends for CD4 counts during the trial.

Results obtained using Proc MIXED (using the type=un

option to obtain the unstructured covariance matrix §) are sum-
marized in the upper half of Table 1. The estimated average
regression coef� cient of Time for the ddC group is ¡ 0.167
with 95% con� dence interval of ( ¡ 0.207, ¡ 0.127), suggest-
ing a signi� cant decrease in CD4 count over the study period.
The estimated average regression coef� cient of Time for ddI
group is ¡ 0:167 + 0:030 = ¡ 0:137, which is not signi� -
cantly different from the corresponding coef� cient for the ddC
group. PrevOI is also signi� cantly different from 0, having es-
timated regression coef� cient ¡ 2.315 and 95% con� dence in-
terval ( ¡ 2:782; ¡ 1:848). Hence a patient who was diagnosed
with AIDS at study entry has signi� cantly lower CD4 counts
than one without an AIDS diagnosis. The other two explanatory
variables, Gender and Stratum, are not statistically signi� cant
here.

Turning to survival analysis, we began with the full Weibull
model but foundstrongnegativeassociationbetween theWeibull
shape parameter r and intercept  21. In the MCMC-Bayes set-
ting, the inabilityof our data to reliably identifyboth r and  21 if
both are included in the sampling order manifests as strong neg-
ative correlations between the samples of these two parameters,
as well as strong positive autocorrelations in their individual
sampled chains. Since convergence failure precludes accurate
computation of posterior model summaries, in what follows we
have used a Weibull model with r = 1 (i.e., an exponential
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model) along with a Cox proportional hazards model to analyze
the ddI/ddC time-to-event data.

Because none of our covariates are time-varying, the regres-
sion equationfor the log-relativehazard in the absenceof random
effects is

log(· i) =  21 +  22Drugi +  23Genderi

+ 24PrevOIi +  25Stratumi : (6)

We have used the WinBUGS parameterizationhere; as such, we
transform the results from SAS Proc LIFEREG (exponential)
or PHREG (Cox) to be consistent with the parameterization in
WinBUGS to permit comparison of separate and joint analyses
later. Among the four explanatoryvariables we have included in
the model, only PrevOI is statistically signi� cant at level 0.05
(bottom half of Table 1). Not surprisingly, patients who had
a negative AIDS diagnosis at study entry have better average
survival rates than those who had a positive diagnosis. The ddC
group turns out to have a little better survival than the ddI group
(as suggestedbyFigure 1(c)), but thedifference is not signi� cant.

The Cox proportional hazards model uses parameterization
(6), except that the intercept is modeled as part of the (nonpara-
metric) baseline hazard, and therefore is not explicitly output
by the software (SAS Proc PHREG). The results (also bottom
half of Table 1) from the proportional hazards model are similar
to what we get from the exponential model. PrevOI is again the
only statistically signi� cant predictor at level 0.05. The relative
hazard is exp(:646) = 1:908 for patients with an AIDS diagno-
sis, as compared to exp(:620) = 1:859 under the exponential
model.

3.3 Results Using Joint Models

Henderson et al. (2000) proposed an expectation–maximiza-
tion (EM) algorithm to � t the joint model, but appear to have
done so using their own computer code, rather than a standard
software package. As mentioned earlier, approximate results
from this model are available from SAS, but we defer this dis-
cussion until Section 4, and focus here on the fully Bayesian
version of the joint modelingapproach implementedvia MCMC
methods via the WinBUGS package.

To facilitate fair comparison of our classical and Bayesian
analyses (the former of which of course cannot be helped or
hindered by prior information), we selected very vague prior
distributions in our WinBUGS analysis. That is, we use proper
priors, but with hyperparameter values chosen so that the pri-
ors will have minimal impact relative to the data. Speci� -
cally, in the longitudinal submodel we take multivariate nor-
mal and inverse gamma priors for the main effects vector
¯1 = ( 11;  12;  13;  14;  15;  16)T and the error variance
¼ 2

° , respectively, both having very low precision (high vari-
ance; readers interested in our speci� c choices may consult
our code at www.biostat.umn.edu/¹brad/software.html). We
similarly select vague normal and inverse gamma priors for
¯2 = ( 21;  22;  23;  24;  25)T and ¼ 2

3 in the survival sub-
model. For the parameters common to both models, we take
a inverse Wishart (essentially a multivariate gamma; see, e.g.,
Carlin and Louis 2000, p. 328), which is again vague but does
provide at least some shrinkage of the random effects toward

0, ensuring good identi� ability of the main effects (Carlin and
Louis 2000, p. 279). Finally, for the association parameters we
choose normal priors for ® 1 and ® 2 that are both quite vague rel-
ative to these parameters’ likely posterior magnitudes. In sum-
mary, our priors are chosen so that our Bayesian analysis mimics
a corresponding likelihood analysis, but where likelihoods are
restandardizedand interpretedas probabilitydistributionson the
parameters.

3.3.1 Joint Model Selection
There are many Bayesian approaches to model selection,

ranging from formal approaches using posterior model prob-
abilities and Bayes factors (see, e.g., Carlin and Louis 2000,
secs. 6.3–4) to informal approachesbasedon posteriorpredictive
checks (see, e.g., Gelman, Carlin, Stern, and Rubin 1995, sec.
6.3). However, the former are not well-de� ned using the (often
arbitrarily) vague prior distributionswe employ, while the latter
are not automatic nor easily reduced to a unique, single number
summary. As mentioned earlier, we choose the precise nature of
the two submodels (i.e., the exact form of W1(s) and W2(t)) and
their association via the DIC (Deviance Information Criterion;
Spiegelhalter et al., 2002), a hierarchical modeling generaliza-
tion of the AIC (Akaike Information Criterion). We prefer this
approach for several reasons. First, like AIC it reduces each
model to a single number summary, but with a proper Bayesian
interpretation even for vague-prior random effects models like
ours. These values may be arranged in tables reminiscent of
classical ones comparing log-likelihood (deviance) scores via
chi-square tests, but where now the models need not be nested
to be directly comparable. Last (but certainly not least), DIC is
readily available within WinBUGS for all of our models.

Recall that the change in the AIC statistic across two models
M1 and M2 is given by

¢AIC = V ¡ 2(p2 ¡ p1) ;

where pk is the number of parameters in model Mk, and
V = ¡ 2 log

£
supM1

f (yjµ)=supM2
f (yjµ)

¤
; the usual like-

lihood ratio test statistic. That is, AIC is a penalized likelihood
criterion, where the size of the penalty depends on how much
“larger” M2 is than M1. But a dif� culty arises when using this
approach to compare models with random effects: how should
we “count” parameters? As a simple illustration, consider our
U3i frailties: at � rst glance they appear to contribute m param-
eters to the total (one for each subject), but if ¼ 2

3 = 0, they con-
tribute none (since all would then be identically zero). In fact
they contribute the full m only if ¼ 2

3 = 1; for any given dataset,
the effective number of parameters (which we shall denote by
pD) is somewhere in between these two extremes.

Thinkingof µ and y as the entire collectionsof model param-
eters and data, respectively, Spiegelhalter et al. (2002) showed
that pD turns out to be reasonably de� ned as

pD = E³ ³³ jy[D(µ)] ¡ D(E³ ³³ jy[µ]) = D ¡ D(·µ) : (7)

Here, D(µ) is the deviance function, D(µ) = ¡ 2 log f (yjµ) +
2 log h(y), where f(yjµ) is again the likelihood function and
h(y) is some standardizing function of the data alone. The
sensibility of (7) is easily seen in the case where µ j y ¹
N

³
bµ ; ¡ L00

^³ ³³

´
; where ·µ º bµ, the maximum likelihoodestimates

20 Statistical Practice



Table 2. Bayesian Model Selection for the ddI/ddC Data

Model W1(s) W2(t ) DIC1 DIC2 D pD DICtotal

no random effects
I 0 0 8201.9 1372.0 9565.5 8.53 9574.0
II 0 U3 8202.0 1374.7 9561.1 15.60 9576.7

random intercepts
III U1 0 6319.7 1371.0 7261.2 429.5 7690.7
IV U1 U3 6317.2 1374.6 7256.3 435.6 7691.9
V U1 ® 1U1 6302.6 1345.8 7222.5 425.8 7648.3
VI U1 ® 1U1 + U3 6305.4 1350.8 7223.1 433.2 7656.2

random intercepts
and random slopes

VII U1 + U2 s 0 6226.3 1372.1 6866.6 731.9 7598.5
VIII U1 + U2 s ® 1U1 6218.6 1349.8 6839.5 728.9 7568.4
IX U1 + U2 s ® 2U2 6232.0 1363.6 6859.3 736.4 7595.6
X U1 + U2 s ® (U1 + U2) 6219.2 1348.3 6838.6 728.9 7567.4
XI U1 + U2 s ® 1U1 + ® 2U2 6204.0 1344.3 6803.8 744.5 7548.3
XII U1 + U2 s ® 1U1 + ® 2U2 + ® 3W1(t ) 6208.7 1416.5 6959.1 666.1 7625.2

such that L0
^³ ³³

= 0. This is the standard normal approximation to
the posterior often referred to as the “Bayesian Central Limit
Theorem” (Carlin and Louis 2000, sec. 5.1). A second order
expansion of D(µ) around ·µ gives

D(µ) º D(·µ) ¡ (µ ¡ ·µ)T L00
³ ³³
( ³ ¡ ·µ) º D(·µ) + À 2

p; (8)

since, by the Bayesian Central Limit Theorem, ¡ (µ ¡
·µ)T L00

³ ³³
(µ ¡ ·µ) has an approximate chi-squared distribution

with p degrees of freedom. Rearranging (2) and taking expec-
tations with respect to the posterior distribution of µ reveals
pD = E³ ³³ jy[D(µ)] ¡ D(·µ) º p; that is, that pD will be approxi-
mately the true number of parameters.

Returning to model choice, the DIC approach mimics AIC by
setting

DIC = D + pD :

Here, the � t of a model is summarized in the � rst term by the
posteriorexpectationof thedeviancefunction,D = E³ ³³ jy[D(µ)],
while the complexity of the model is captured in the second
term by the effective number of parameters, pD. Since small
values of D indicate good � t while small values of pD indicate
a parsimonious model, small values of the sum (DIC) indicate
preferred models. As before, in what follows we restrict our
attention to exponential models by setting the Weibull shape
parameter r = 1, so that full Weibull models are not eligible for
comparison or selection here.

Table 2 reports the D, pD, and DIC score for a variety of joint
models for the ddI/ddC data with different forms of the latent
processes W1(s) and W2(t). In all cases, our results are based on
three parallel MCMC sampling chainsof 10,000 iterations each,
following a 5,000-iteration “burn-in” period (see, e.g., Carlin
and Louis 2000, sec. 5.4.6 for a general discussion of MCMC
convergence monitoring). By default, WinBUGS assumes the
parameter vector µ contains both the � xed and random effects,
and provides the componentsof DIC for the two submodels (i.e.,
the terms in the log-likelihoodarising from longitudinaland sur-
vival model components) to evaluate their relative contributions
to the total DIC score; we notate these as DIC1 and DIC2. We

start with a simple joint model (Model I) with no random effects
in the two submodels, which has a large (poor) total DIC score.
In Model II, we add a frailty term U3 in W2(t), but this does
not seem to improve the total DIC at all. A similar relationship
exists between Models III and IV and between Models V and
VI, all of which differ only in the additionof the frailty term U3.
As such, we do not consider includingU3 in subsequent models.

In Model III, we allow random intercepts in W1(s), which
results in a dramatic improvement in DIC1 for the longitu-
dinal submodel, and hence the total DIC score for the joint
model. Next, we introduce association between W1(s) and
W2(t) through the common random intercept U1 in Model V,
which leads to a substantialdecrease in DIC for both submodels,
and hence the total DIC for the joint model. This suggests asso-
ciationbetween the two submodels,as anticipatedfor these data.
Model VII further allows both random intercepts and slopes in
the longitudinalsubmodel, which substantiallydecreases DIC1.
The next four models in the table introduce association between
the two submodels in different ways, including through random
intercepts (Model VIII), random slopes (Model IX), or both ran-
dom intercepts and slopes with a common association param-
eter (Model X) or two different association parameters (Model
XI). Our � nal model (Model XII) introduces the full complexity
given in Equation (4) by adding the time-varying component
W1(t) to the survival model. This � nal increase in complex-
ity is apparently not justi� ed for these data, as indicated by the
increase in the DIC score and the insigni� cance of the ® 3 param-
eter (95% posterior credible interval ( ¡ 0.43, 0.26)). This is also
consistent with the aforementioned � nding (Carlin and Louis
2000, p. 288) that an exponential model (with its time-constant
baseline hazard) is adequate for this very ill population.

BecauseModelXI emerges with the smallest totalDIC, we se-
lect it as our � nal model for the ddI/ddC data. Under this model,
it appears that a patient’s survival is related to two characteris-
tics driving the patient’s longitudinal data pattern, namely the
initial CD4 level and the rate of CD4 decrease. This is clinically
reasonable, since high CD4 count represents better health status;
patients with CD4 counts that are low or in more rapid decline
would be expected to have poorer survival.
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Table 3. Separate and Joint Bayesian Analysis for the ddI/ddC Data

Separate analysis Joint analysis

Parameter Posterior mean 95% CI Posterior mean 95% CI

Longitudinal submodel Longitudinal submodel

Intercept ( 11) 8.04 (7.36, 8.72) 8.06 (7.37, 8.77)
Time ( 12) ¡0.20 (¡0.29, ¡0.10) ¡0.27 (¡0.36, ¡0.17)
Time £ Drug ( 13) 0.06 (¡0.08, 0.19) 0.03 (¡0.11, 0.17)
Gender ( 14) ¡0.14 (¡0.78, 0.50) ¡0.13 (¡0.76, 0.48)
PrevOI ( 15) ¡2.33 (¡2.81, ¡1.85) ¡2.34 (¡2.81, ¡1.86)
Stratum ( 16) ¡0.11 (¡0.57, 0.36) ¡0.12 (¡0.59, 0.35)
§11 15.63 (13.56, 18.00) 15.54 (13.47, 17.88)
§22 0.39 (0.34, 0.46) 0.39 (0.34, 0.45)
» ² §12=

p
§11§22 ¡0.11 (¡0.22, 0.01) ¡0.06 (¡0.17, 0.04)

¼ 2
° 2.91 (2.60, 3.24) 2.89 (2.60, 3.22)

Survival submodel Survival submodel

Intercept ( 21) ¡3.73 (¡4.06, ¡3.41) ¡4.09 (¡4.52, ¡3.68)
Drug ( 22) 0.21 (¡0.09, 0.52) 0.27 (¡0.10, 0.62)
Gender ( 23) ¡0.16 (¡0.39, 0.09) ¡0.11 (¡0.40, 0.20)
PrevOI ( 24) 0.62 (0.40, 0.85) 0.76 (0.51, 1.02)
Stratum ( 25) 0.09 (¡0.08, 0.25) 0.08 (¡0.12, 0.28)
® 1 — — ¡0.20 (¡0.25, ¡0.14)
® 2 — — ¡1.61 (¡2.13, ¡1.08)

3.3.2 Comparison of Separate and Joint Models
Having selected a � nal model, we now compare results ob-

tained under the separate (i.e., ignoring any latent association
introduced by W2) and joint models. Both of these assume the
longitudinal model has form (5), while the survival model now
takes the form

log(· i) =  21 +  22Drugi +  23Genderi

+ 24PrevOIi +  25Stratumi +

½
0 (separate)

W2i(t) (joint)
;

where W2i(t) = W2i = ® 1U1i + ® 2U2i. The posterior
estimates of the regression coef� cients ¯1 and ¯2 and their
95% con� dence intervals are summarized in Table 3. Here the
results from the separate and joint analyses are quite similar to
each other (and to the classical results in Table 1). In both Table 3
analyses, in the longitudinalsubmodel onlyTime and PrevOI are
statistically signi� cant at level 0.05 (in the Bayesian sense; 95%
credible set excludes 0), while only PrevOI is signi� cant at this
level in the survival submodel. However, the posterior estimates
of the association parameters in the joint analysis are negative
and signi� cantly different from zero, providing strong evidence
of association between the two submodels and indicating that
both the initial level and slope of CD4 count is negatively asso-
ciated with the hazard of death.

To investigate this � nding, consider a male patient who is
AIDS-negative at study entry and intolerant of AZT. We plot the
estimated posterior density of the median survival time of this
hypotheticalpatientinFigure 2. In both theseparate (panela) and
joint (panel b) analyses, this patient’s survival is clearly better
if he receives ddC instead of ddI. However, the joint analysis
increases the estimated median survival times by roughly 50%
in both groups. This is due to this model’s correct accounting for
the correlation between the longitudinal and survival data; our

hypothetical patient has covariate values normally associated
with a good prognosis, and this is re� ected in the dramatically
improved predicted survival times.

Figure 2. Median survival time for a hypothetical patient (male, neg-
ative AIDS diagnosis at study entry, intolerant of AZT): (a) estimated
posterior density of median survival time of the patient from separate
analysis; (b) estimated posterior density of median survival time of the
patient from joint analysis.
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Figure 3. Observed data and estimated posteriors of median survival time for two patients, ddI/ddC study: (a) observed longitudinal data for
Patients 450 and 454; (b) estimated posterior densities for Patient 450; (c) estimated posterior densities for Patient 454.

Even more dramatic differences can be observed if we switch
from a hypothetical patient to one having a speci� c observed
CD4 trajectory, but an unknown survival time. Figure 3
compares the estimated posterior median survival time distribu-
tions for two such patients in our study. The � rst (Patient 450)
is in the ddI group, male, entered the study with an AIDS diag-
nosis, and had previously failed AZT. The second (Patient 454)
is in the ddI group, male, did not have an AIDS diagnosis at
study entry, and was intolerant of AZT. Both were still alive
at the end of the study, censored at days 571 and 591, respec-

tively. Figure 3(a) shows Patient 450 has a relatively “good”
square root CD4 trajectory (starts relatively high and remains
that way), while Patient 454 has a “bad” one (starts low and
declines). Figures 3(b) and (c) compare the posterior median
survival time distributions of the joint model with two separate
models (with and without frailty terms U3) for the two patients.
We � rst note that the two separate analysis curves are virtually
identical; as in Table 2, the inclusion of U3 clearly has little
impact. However, the joint results differ much more markedly
from the separate results than they did in Figure 2, signi� cantly
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increasing the survival time for Patient 450, and decreasing it
for Patient 454. Moreover, the joint model actually reverses the
separate models’ � ndings, in the sense that the patient with the
“good” CD4 trajectory is now predicted to survive much longer
than the patientwith the “bad” trajectory. Such a reversal is quite
plausible, yet not possible if we rely only on the � xed effects
in the model, since the � rst patient actually has the “bad” prog-
nostic variable values (AIDS positive, AZT failure), while the
situation is reversed for the second patient.

4. DISCUSSION

In this article,we havepresented a general Bayesian approach
to the joint modeling of longitudinal and survival responses.
This general class of models is important in many biostatistical
application areas, allowing accurate inference regarding longi-
tudinal responses while adjusting for outcome-dependent study
dropout. We can also apply these ideas to problems involving
surrogate markers (like CD4 count), where the focus is on us-
ing longitudinalmeasurements to improve predictionof survival
prognosis.

The jointmodelsconsidered in this article can be readily � t us-
ing the WinBUGS package, thus avoiding the need for complex
EM programming or software and facilitating the models’ use in
practice. The Web page www.biostat.umn.edu/¹brad/software.
html contains the WinBUGS code to � t Models XI and XII
above; these programs allow the full Weibull model with the
shape parameter r following a gamma prior distribution, but as
mentionedearlier avoid this complexityfor ourparticulardataset
by simply setting r = 1. Model comparison and selection is also
facilitatedvia the DIC toolbuilt into the package,enablingdirect
comparison of nonnested speci� cations and avoiding the pitfalls
of repeated signi� cance testing, and indeed the problems associ-
ated with signi� cance testing itself. (We remark here that there
was a bug in the WinBUGS 1.3 DIC tool that gave incorrect
results for censored data models like ours, but this bug has been
repaired in version WinBUGS 1.4.)

Of course, there are some prerequisites to using the Win-
BUGS package: the user must have at least some background
in Bayesian methods, and understand that the basic task is to
summarize (correlated) samples from the posterior distributions
of interest. Perhaps the most important yet challengingaspect of
running the software is learning when it is safe to stop sampling
and summarize the output. Indeed, the WinBUGS manual itself
begins with a disclaimer that “MCMC sampling is dangerous,”
in the sense that this is an algorithm that is converging not to a
� xed point (like a likelihood maximization algorithm), but to a
random sample from a particular posterior distribution. Fortu-
nately, WinBUGS offers a variety of helpful convergence plots
and diagnostics, so with a little practice with some sample mod-
els and datasets, the art and science of applied Bayes-MCMC
seems well within the reach of many statisticianscurrently using
SAS, S-Plus, and other mainstream packages.

Finally, we hasten to add that a version of the joint analy-
sis we favor is also � ttable in SAS. While the LIFEREG and
PHREG procedures do not accommodate random effects, max-

imum likelihood estimation of the joint model is possible with
the NLMIXED procedure; indeed, the aforementioned Web page
also includes NLMIXED code to � t Models XI and XII above.
Estimation of the random effects is via empirical Bayes, with
associated standard errors obtained by the delta method. Ap-
proximate 95% prediction intervals can then be obtained by as-
suming asymptotic normality. For the median survival times of
Patients 450 and 454, under Model XI we obtained point esti-
mates of roughly 72.3 and 22.4, respectively, in rough agree-
ment with Figure 3. However, the asymmetry of the posteriors
in this � gure (which are similar to the likelihood, due to our
vague priors) suggests traditional con� dence intervals based on
asymptotic normality and approximate standard errors will not
be very accurate. Exact results (and corresponding full posterior
inference) as availablefrom Figures 3 and 2 still require the fully
Bayesian-MCMC (WinBUGS) approach.

[Received March 2003. Revised September 2003.]
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