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Regularized regression
Where regression analysis meets machine learning
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Who am I?

http://www.linkedin.com/in/runehnielsen/
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Magic in advanced analytics?
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Agenda

• Some versions of regularized regression

• Parameter tuning

• One way of estimating in SAS

• (Extreme) Use cases
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Objective functions

Different regularization approaches
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Ridge regression
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Main use case:

• Fear of overfitting

Hoerl and Kennard (1970)
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Lasso regression

መ𝛽𝐿𝑎𝑠𝑠𝑜 = argmin
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Additional use case:

• Assumed sparsity in models

Tibshirani (1996)
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Adaptive lasso

መ𝛽𝐴𝑑𝑎_𝐿𝑎𝑠𝑠𝑜 = argmin
𝛽∈ℝ𝑝
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Additional use case:

• Oracle properties

Zou (2006)



Copyr ight © SAS Inst i tute Inc.  Al l  r ights reserved.

Elasticnet regression

መ𝛽𝐸𝑙𝑎𝑠𝑡𝑖𝑐𝑛𝑒𝑡 = argmin
𝛽∈ℝ𝑝
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Additional use case:

• Handling high-correlated data

Zou & Hastie (2005)
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Estimating the lambda
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Estimating Lambda

Test a sequence of different lambdas. Choose on some model 
performance.

• Model statistics (e.g. predicted residual error sum of squares)

– Often done through cross validation

• Information criteria (e.g BIC)

– Might be better at handling a specific structure in the data
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1. Define steps of 𝜆2
2. Decide on a 𝜆1 based 

on chosen criterion

3. Choose best 
combination of 𝜆1 and 
𝜆2 base on the chosen 
criterion

Estimating Lambda
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Why use regularized regression?

Pros

• Oracle properties
– Variable selection

• Reducing overfitting

• Estimating more parameters than sample points
– Highly relevant for small samples

Cons

• Bias!

• Parameter tuning
– Grows with complexity

• Computationally expensive
– No analytical solution
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Lasso estimation example
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Lasso estimation example
The simulated data
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Lasso estimation example

Expected model:
𝑦 = 1 + 1𝑥1 + 2𝑥2 + 3𝑥3 + 1𝑎1 + 2𝑎2 + 1𝑏1 + 2𝑏2 + 1𝑐1 + 2𝑐2 + ε

Simulated model
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Lasso estimation example
Base SAS implementation
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Lasso estimation example
Model selection
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Lasso estimation example
Model selection
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Lasso estimation example
Estimated parameters
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Lasso estimation example
Using different tuning approach
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Lasso estimation example
Compare cross validation vs BIC
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(Extreme) use cases
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Extreme use cases
Uniejewski, Bartosz & Marcjasz, Grzegorz & Weron, Rafał. (2019)
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Extreme use cases
Less observations than parameters
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Extreme use cases
Less observations than parameters
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Questions?


